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Summary. Symmetry properties are at the basis of integrability. In recent 
years, it appeared that so called twisted symmetries are as effective as standard 
symmetries in many respects (integrating ODEs, finding special solutions to 
PDEs). Here we discuss how twisted symmetries can be used to detect integra- 
bility of Lagrangian systems which are not integrable via standard symmetries. 
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Introduction 

Integrable systems are characterized by a high degree of symmetry - and a 
favourable structure of the underlying symmetry algebra. 

In recent years, the standard concept of symmetry for differential equations 
[1, 2, 9, 13, 20, 36, 37, 41, 43] has been generalized in several directions (see 
e.g. [19] for an overview). Here we are interested in a special case among these 
generalizations; actually this is special not only in the sense it is a specific one 
but also in that it differs from all other ones in a substantial way. That is, in 
dealing with symmetry of differential equations we always consider a vector field 
acting in the basic (independent and dependent) variables, and then prolong it 
to derivatives of suitable order - the order of the differential equation to be con- 
sidered, or maybe to infinite order. While "usual" generalizations amount to 
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generalize the admitted vector fields acting on basic variables, twisted sym- 
metries modify the prolongation operation itself. In this note we will focus 
specifically on twisted symmetries, and their role in analyzing integrability. 

Our main result will be that systems which are characterized by a high degree 
of twisted symmetry - and a favorable structure of the underlying symmetry 
algebra - are integrable. 

Twisted symmetries are not a new concept, but a collective name to include 
different types of symmetries (C°°-symmetries, also known as A-symmetries, /i- 
symmetries, and the recently introduced /9-symmetries) , all of them involving a 
deformation of the prolongation operation. They were first introduced in the 
context of scalar ODEs as C°°-symmetries or A-symmetries in a seminal paper 
by Muriel and Romero [23], who also extended their ideas to more general 
settings [24, 25, 26, 27, 28, 29, 30, 31, 32, 33]; see also [18, 38]. The name 
"A-symmetries" refers to the key role played by a C°° function X{x, u, Ux)- The 
case dealing with PDEs was then christened under the name of /x-symmetries 
[11, 17] both for alphabetic continuity and because in this context the key role is 
played by a semi- basic matrix- valued one- form /x = Ajdx*. Still a different name 
in use is that of "p-symmetries" for a specific class of /x-symmetries which allow 
reduction of system of ODEs [7, 8]. The basic ideas behind twisted symmetries 
as well as these different special types of twisted symmetries will be briefly 
reviewed in section 2 below; a more substantial review is provided in [16]. 

1 Notation 

We will start by fixing some general (standard) notation, to be freely used in 
the following. 

We will consider problems defined on a phase bundle (M, tt, B) with fiber 
'jT~^{x) = U; here B and U are smooth real manifolds of dimensions p and q 
respectively, and we will use local coordinates {x^, a;^'} in B and {u^, w/^} 
in U. As usual, when dealing with differential equations we will think of the 
X as independent variables and the u as dependent ones (fields). Associated to 
the bimdle M arc the fc-th order jet bundles J^M\ there are natural coordinates 
in these, provided by x, u and by partial derivatives of the u with respect to the 
X. In dealing with these, we will freely use the multi-index notation, see e.g. 
[36] for details.^ 

^In this note we will actually mainly focus on systems with only one independent variable. 
However we prefer to deal with the general case as this makes the geometry behind twisted 

symmetries - and their properties - more transparent; the special case of ODEs is indeed 
degenerate in several respects, and it is highly remarkable that Muriel and Romero were able 
to deal with it at first. 
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Vector fields 

Consider now a vector field (VF) on M; this will be written in coordinates as^ 

^ = e(x,«)^ + ^"(.,u)^. (1) 

We will routinely omit to write the dependencies of the functions (such as ^ and 
(^) to avoid an exceedingly heavy notation. 

As well known, in many cases it is convenient to consider the evolutionary 

representative (or vertical representative) of a VF; this describes the action of 
the VF on a section of the bundle (M, n, B) and is written in coordinates as^ 

A vector field acting in M also acts naturally in J^M: once the action 
on independent and dependent variables is given, the action on derivatives of 
any order can be readily computed. The lift of the X action from M to J^M 
is also known as the prolongation operation [1, 9, 13, 20, 36, 37, 41, 43]. In 
coordinates, the prolonged vector field X* (or X" if we consider prolongation 
only up to order n) is given by 

where J are multi-indices and 

= ^« . 

The coefficients Sixe then determined by the prolongation formula 

- D^rj - ui,D,e • (4) 

Here Dj is the total derivative with respect to a;*, i.e. 

n - A g 9 

These relations are specially simple for vertical vector fields: in this case we 
have 

K = Qj^^, with Q% = DiQ} . (5) 



■^Here and everywhere below we understand summation over repeated indices unless oth- 
erwise stated. 

^In fact, a simple computation shows that if a section a is given in coordinates by <t = 
{{x,u) I u = /(a;)}, then under the infinitesimal action of X it is mapped to a new section 
= {(a;, u) I u = /(x)} with J(x) = f{x) + e [ip" - (j-uf\ , where the functions within the 
square bracket should be computed on the section u. 
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It will be convenient to have a more intrinsic characterization of the prolon- 
gation operation. 

The jet bundles J"M are naturally equipped with a contact structure, 
i.e. with a set of contact forms 6j, given in coordinates by 

e'} := du^j - u%dx' (|J|=0,...,n-l) . (6) 

We will denote by £ the ideal generated by these forms (with coefficients in 

C^(J"Af)). 

Then the prolonged vector field X* =Y (we use this notation for graphical 
ease) is the only vector field which coincides with X on M and which preserves 
the contact ideal £, i.e. such that 

LviS) e f ; (7) 

here L is the Lie derivative. This means that for any {) ^ £, Lyi'd) G £. 

The condition (7) can be expressed equivalently in terms of conditions involv- 
ing the commutator of Y with the total derivative operators Di; in particular, 
it is equivalent to either one of 

[Di,Y]_\d = V?? e £ , (8) 
[D,,Y] = h^Drn + V , (9) 

with e C°°{J'^M) and V a vertical vector field in J"M seen as a bundle 
over J^~^M (i.e. it has components only along derivatives of maximal order 
n). 

It is appropriate, for further reference and since it has just been mentioned, 
to recall that the jet bundles have several fibered structures; in particular, J'^M 
can be seen both as a bundle {J'^M, wk, B) over B and as a bundle {J'^, ak, M) 
over M: 

B M 

Differential equations and their symmetries 

A differential equation - or system of differential equations - of order n, which 
we will denote by A, identifies a submanifold S'a C J"M, its solution manifold. 
That is, S'a is the set of points of J"M in which the relations A are satisfied. 
If the equations involve only smooth coefficients, then Sa is smooth, and we 
will assume that the equation is non-degenerate^, so that they correspondence 
between A and 5a is one-to-one [36]. 

That is, if A is given by = 0, we assume that the derivatives of are nonzero 

in directions transversal to 5a 
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The vector field X is a symmetry (or more precisely, being a VF, a symmetry 
generator) for A if its n-th prolongation JC^") leaves Sa invariant, i.e. 

: Sa TSa ■ 

In this case, the one-parameter group generated by X maps solutions to A into 
solutions. 

We assume the reader is familiar with the use of symmetries for the analysis 
of differential equations, referring to [1, 13, 20, 36, 37, 41] for details and ap- 
plications; here we just wanted to stress that the very concept of symmetry of 
differential equations is based on the prolonged vector fields and hence on the 
prolongation operation. 

2 Twisted prolongations and symmetries 

We will now introduce and discuss the twisted prolongation F of a vector field 
X; we anticipate that if Y satisfies the symmetry condition 

Y : Sa ^ TSa , (10) 

then X is a twisted symmetry of the differential equation A. 

Here we will deal directly with the most general setting {p independent and 
q dependent variables for a system of PDEs of order n); we refer to [16] for a 
review and discussion of relevant special cases: e.g. scalar equations, or ODEs; 
the latter will also be discussed below. 

The relevant contact structure in this case is spanned by the contact forms 
(6); it is convenient to see them as the components of a vector- valued contact 
form -dj [42] . We will denote by & the module over ^-dimensional smooth matrix 
functions generated by the 'ffj, i.e. the set of vector- valued forms which can be 
written as 77 = {Rj)l'S^] with Rj : J"M — >■ Mat(g) smooth matrix functions. 

The manifold of dependent variables - that is, the fiber of (M, tt, B) - has 
tangent space U ~ i?', on which is defined an action of G = GL{q,R); the 
corresponding Lie algebra is ^ = g£{q) (we omit from now on the indication 
that all our manifolds, spaces and actions are real).^ 

Consider a ^-valued semi-basic one- form on J^M, 

H := A,dx' ; (11) 

the Aj = Ai[x,u,Ux) are smooth matrix functions (with values in Q) satisfying 
some additional compatibility conditions discussed below, see (15). 

We will say that the vector field Y on J"M ^-preserves the vector contact 
structure 6 if, for all G 9, 

Lvi'd) + (rj(Ai)?t?') da;^ e 6; (12) 

^We will think the G and hence Q action is fixed once for all, and hence - for the sake of 
notation - do not distinguish notationally between the group (or algebra) and its representa- 
tion. 
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this should be compared to standard preservation of the contract structure in 
the form (7). 

In terms of the coefficients of Y, see (3), this is equivalent to the requirement 
that the } obey the vector /^-prolongation formula 

ni = - <mm)tn, (13) 

where we have introduced the (matrix) differential operators 

Vi := IDi + Ai ■ 

hero / is of course the q x q identity matrix. Needless to say, for = (i.e. 
Ai = for all i), this reduces to the standard prolongation formula. 

Note for later reference that in the case of vertical vector fields X = {d/du°' ), 
(13) yields for the coefficients of the first prolongation Y = X + il)f{d/duf), sim- 
ply 

V'? = (V,)bQ' = AQ" + {RiThQ" . (14) 

As mentioned above, the functions Aj defining the form /j, in (11) are not 

arbitrary: they must satisfy a compatibility condition (this guarantees the 
defined by (13) are uniquely determined), expressed in coordinates by 

[Vi,Vfe] = DiAk - DkAi + [Ai,Ak] = 0. (15) 

This is nothing else than the coordinate expression of the horizontal Maurer- 
Cartan equation^ [11] 

Dm + ^ = 0. (16) 

Based on this condition - and on classical results of differential geometry [12, 
6, 39] - it follows easily that in any contractible neighborhood A C J'^M, there 
exists 'jA ■ A ^ GL{q) such that (locally in A) n is the Darboux derivative of 

In other words, any /x-prolonged vector field is locally gauge-equivalent to a 
standard prolonged vector field [11, 22], the gauge group being G = GL(q)J 

The result stated above means that if Y is the /i-prolongation of a vector field 
X, then there are vector fields W and Z, gauge-equivalent via the same gauge 
transformation (acting respectively as 7^'^^ in T(J'^)M and as 7 in T(M)) to Y 
and X, and such that W is the standard prolongation of Z. This is schematically 
summarized in the following diagram: 



^ — prol 



prol 



Y ^ W 



^This expresses the requirement that the standard Maurer-Cartan equation is satisfied 
modulo contact forms, i.e. d/i + (1/2) 6 £. 

^When J"M is topologically nontrivial, or /j, presents singular points, one can have /i- 
prolonged vector fields which are not globally gauge equivalent to standardly prolonged ones 
(and in this sense non-trivial /i-symmetries); see [11] for concrete examples. 
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For these considerations, it is convenient to deal with evolutionary representa- 
tives of vector fields [36] , which we will implicitly do from now on. 

It should also be stressed that the gauge group F (modelled over a Lie group 
G) acts in the same way on the vector {^p^ , ...^ip'^} of the components of the 
vector field X in M, and on the vectors {^j, V'j} of components (relative to 
a given multi-index J, i.e. to partial derivatives with respect to the same array 
of independent variables) of the vector field Y in J'^M. One also says that F 
acts via a Jet representation. 

Summarizing, one finds out that the twisted prolongation operation amounts 
locally to standard prolongation seen in a different reference frame, i.e. under 
a gauge transformation.* 

It appears now fully naturally that - for what concerns properties which are 
both local and frame-independent - twisted symmetries are as good as standard 
ones. 

The existence of conserved quantities in Mechanics - or conserved currents 
in Field Theory - satisfies these criteria, and it should thus be no surprise that 
one can analyze these with the help of twisted symmetries as well as of standard 
ones. 



3 Lagrangians, twisted symmetries and conser- 
vation laws 

The reader who attempts some very simple computations could find very strange 

the above statement, that twisted symmetries of the Lagrangian arc related to 
conserved quantities. In fact, it is easy to check - e.g. in the case of first 
order Lagrangians C{q, q] t) which we will consider for the sake of simplicity - 
that in general a twisted symmetry of the Lagrangian C does not correspond 
to a symmetry, either regular or twisted, of the corresponding Euler-Lagrange 
equations 

dL d dC 

W ~ diW ^ ' ^ ^ 

and even less to a conserved quantity.® 

The point is that if we change reference frame acting on the variables 
via a gauge transformation A*^-, the variational equations corresponding to the 
Lagrangian jC{q,q;t) are not the standard Euler-Lagrange equations (17), but 
rather the "twisted Euler-Lagrange equations" 

dL d dC dC ,i 

w-dtw^w''^^'-^ ^''^ 

for a derivation and discussion of these equations, see [10]. 



*This point of view was first presented in [11, 17] and is further discussed in [14, 15, 16]. 

^Needless to say, the same is true o fortiori in the case of a field La- 
grangian C{u,Ux;x^ , ...,x'^) and the corresponding Euler-Lagrange equations {dC/du"') — 
{d/dx''){djC/du^) = 0: no conserved quantity is in general associated to a twisted symme- 
try of the Lagrangian. See [10] for a detailed discussion. 
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Remark. Albeit wc decided to restrict in general to the Mechanics case, we 
would now like to mention that in the general field theoretical case, with fields 
and space-time variables x*, we have several matrix functions (one for each 
space-time variable), subject to the compatibility conditions discussed in section 
2 (which we assume are satisfied); introducing the notations tt* := {dC/duD 
for the momenta and Di for the total derivative with respect to the variable a;% 
the resulting equations read 



It is then a simple matter to check that the following statement (which is 

Theorem 9 from [10]) holds true: 

Proposition 1. Let C be a first order field Lagrangian, admitting the vector 
field X = ip°'{d/du°') as a ^i- symmetry for a certain form fx = A^dx*. Then 
the vector P of components P* = lya^Tr^ defines a standard conservation law, 
DjP* = 0, for the flow of the associated ji-Euler-Lagrange equations (19). 

In the case of a Mechanical Lagrangian jC{q,q;t), the above Proposition 1 
reduces to a statement about the existence of first integrals: 

Proposition 2. Let £{q, q; t) he a first order mechanical Lagrangian, admitting 
the evolutionary vector field X = (p^{d/dq^) as a fi-symmetry for a certain form 
H = Adt. Then the function J = ip^{dC/ dq^) is a first integral for the flow of 
the associated fi-Euler- Lagrange equations (18), i.e. dJ/dt = 0. 

The reader is once again referred to [10] for applications and cixamples"^*^. 
See also the earlier paper [33] , which started application of twisted symmetries 
to the study of variational problems. 

4 Multiple twisted symmetries and reduction 

As we have discussed in the previous Section 3, each twisted symmetry of the 
Lagrangian yields a first integral and hence allow for a reduction of the varia- 
tional problem. If we have several symmetries, we can try to use them one after 
the other to reduce by stages the variational problem [21]; however, this will be 
effective only if the Lie algebra of vector fields generating the Lagrangian sym- 
metries have a convenient structure. This corresponds to what happens in the 

And also for a discussion of how twisted symmetries induce "//-conservation laws" for the 
standard Euler-Lagrange equations, and correspondingly how standard symmetries induce the 
same kind of "ju-conservation laws" for the twisted Euler-Lagrange equations. 




(19) 



The reader is again referred to [10] for a derivation. 



© 
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usual application of Lie symmetries to differential equations, where in general 
only a solvable algebra can be fully used for reduction. 

Needless to say, the same will hold in this case. However, the situation here 
is slightly more complex, and could appear much more complex if one is not 
aware of the basic mechanism at work, i.e. that twisted symmetries correspond - 
locally - to standard symmetries in a different reference frame. Note that as the 
Lie algebraic structure of sets of vector fields depends only on local properties, 
we can make full use of this feature in the present context. 

We stress that the twisting should be the same for all vector fields, i.e. we 
operate with the same matrix A for the prolongation of different vector fields; 
this correspond to the fact that the associated gauge transformation is the same. 

Let us denote the vector fields generating twisted symmetries as 

Xa = (d/dq^) , (20) 
and their first prolongation as Ya- We have 

y„ = X„ + {d/dq') ; (21) 

we recall that 

= Dt^l + . (22) 

Let us determine the reference frame in which prolongations are just stan- 
dard ones. Acting on component of vector fields by an invertible matrix func- 
tion^^ R, and writing tp = R^, tjj = Rt], eq.(22) reads 

Rr] = Dt{RO + Ai?^ , 

which also reads 

T] = Dt^ + [{R-^DtR) + {R-^AR)] ^ . 

Thus the components of the prolonged vector field satisfy the standard prolon- 
gation formula (for vertical vector fields) ri = £>tC if and only if R and A are 
related by 

{R-^DtR) + (R-^AR) = 0. (23) 

Needless to say, this just expresses the request that the gauge transformation R 
maps A into the identically null matrix function, as the left hand side of (23) is 
the standard expression for a gauge transformation, see e.g. [6, 12, 34, 35]. We 
thus have 

(24) 



^^It should be mentioned that after reduction one could have extra symmetries beyond those 
inherited from the unreduced problem, see e.g. the discussion in [36]; this remark [3] was one 
of the motivations for the introduction of twisted symmetries, and on the other hand leads 
to considering solvable structures [4, 40]. See [5] for a recent discussion blending (twisted) 
symmetries and solvable structures in the reduction of ODEs. 

^^We recall that in general R can depend not only on the independent variable t, but in the 
dependent variables g' as well. 
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The commutator of vector fields Xa, Xi, as above is given by 

[Xa,X^] = {^a,'Pby (W) , 

where we have defined 

W.,^.y := ^i'^ - . (25) 

When wc sec this as twisted vector fields, i.e. vector fields on which the 
gauge transformation R acted, wc rewrite (/? = i?^ and hence^^ 

In this way we get immediately 

[Xa,Xk] = {R^,,R^,y {d/dq') := fc,^}^^) ( W) • 
We can summarize this relation, with the notations introduced above, as 

Wa,<Pb} = {^o,6}(jj) ; 

this also reads 

Now wc note that the ^ correspond to the reference frame in which prolongations 
are not twisted, i.e. A = 0, and the Euler-Lagrange equations are the standard 
ones. In this frame a solvable Lie algebra of vector fields allows for reduction by 
stages, and the structure of the Lie algebra is recovered by considering {^a,£,b}- 
Thus, if the twisted symmetries Xa of £, written in the form (20), are 
obtained by twisting the prolongation by A, one determines the corresponding 
R and should then check that the vector of vector fields component (p form a 
solvable Lie algebra with the bracket 

{•,•}(«-)• (26) 

If the maximal solvable algebra (under this bracket) of twisted symmetries 
has dimension n, then the system described by the n-dimensional Lagrangian 
C is integrable. 

Finally, we would like to stress that we conducted our discussion locally; 
Integrability is however usually of interest when is a global property, so that 
one should be able to patch together the analysis in different local charts to 
extend it over the whole manifold. In this sense the analysis in terms of the 
bracket (26) is more convenient - at least notationally - than simply passing 
to the gauge transformed frame (in which the twisted prolongation is mapped 
to a regular one), in that different gauge transformations and hence different R 
would be used in different local charts. 

^^By performing the corresponding transformation q = Rx on the dependent variables we 
would get rid of R, but here we want to briefly discuss how the algebraic relations between the 
Xa are aifected by this transformation. This is easily done by using the bra<;ket {., .} defined 
above, and a generalization to be defined in a moment. 
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5 Discussion and outlook 



In this final section wc collect some remarks on the subject discussed here as 
well as comments about devisable further developments. 

(1) The point of view adopted here is to use as far as possible the result that 
locally twisted symmetries are standard ones described in a different (twisted) 
frame of reference, i.e. deformed by a gauge transformation. In this way, many 
of the results obtained for twisted symmetries appear more and less obvious, and 
focus should be shifted to global properties. Needless to say, this also applies to 
Integrability; we have focused on the local aspects in that the transition from 
local to global ones does not present any special feature in the case of twisted 
symmetries, except in some respect for what concerns the analysis of the Lie 
algebraic properties of sets of different twisted symmetries; for these we have 
suggested in Section 4 a way to analyze the situation in terms of a deformed 
bracket which takes into account the twisting in different local charts, i.e. under 
the different local gauge transformations mapping twisted prolongations into 
standard ones. 

(2) The relation between twisted symmetries and gauge-transformed standard 
ones also suggests that one could proceed in a different way. That is, the prob- 
lem here arises from the fact that in considering standard (partial or ordinary) 
derivatives, as common in Applied Mathematics, they transform in a different 
way when one changes the reference frame. The cure for this is well known in 
Physics, and consists in using covariant derivatives. One could thus consider 
equations in terms of covariant derivatives, and prolong vector fields acting in 
the phase manifold M by considering their action on covariant (rather than 
standard) derivatives, i.e. by employing "covariant jet spaces". We hope this 
approach can be implemented in future works. 

(3) Working instead with standard derivatives, it is quite clear that the approach 
based on gauge transformations allows to easily produce integrable systems 
simply by starting from a known one and applying gauge transformations on it. 
The transformed systems will in general not be integrable in usual sense (that 
is, not pass the usual integrability tests), in particular not possess a suitable 
algebra of standard synimcrtries. but will just by construction ! — possess a 
suitable algebra of twisted symmetries and be integrable in the sense considered 
in the present paper. It goes without saying that albeit here we considered 
Lagrangian systems only, this remark applies to any kind of Integrable System. 

(4) It is also rather clear that albeit we only discussed first order mechanical 
Lagrangians, the geometrical framework and hence the validity of the present 
approach are quite more general. In particular they also apply both to higher 
order Lagrangians and to the framework of Field Theory. 

(5) Finally we recall that, as already mentioned above, the Hamiltonian aspects 
of this approach have received only limited attention, and only some preliminary 
results are at present available. 
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These remarks suggest directions for further developments. We hope some 
of the readers the present paper will contribute to these. 



Appendix. A concrete example 

In order to illustrate our discussion, we discuss a fully explicit (but slightly 
artificial) example, considering a mechanical Lagrangian in three degrees of 
freedom; we denote by t the independent variable and by {x, y, z) the dependent 
ones. 

A.l The Lagrangian and its twisted symmetries 

We choose the Lagrangian 



jC = {l/2)[z + {x'+y')zf{ix'+y')z)] (.i^ + y^) - g [(a:^ + y^)z) . (Al) 



Here / and g are arbitrary smooth functions of their argument /3 = [{x^ +y^)z], 
and we will assume / 7^ (in order to avoid discussing trivial cases). The case 
5 = is simple but not trivial, and the reader willing to consider a specially 
simple example at first can set 5 = in all the following formulas. 
Let us now consider the two vector fields 



Any smooth function of (3 is invariant under both of these, so in particular the 
potential part g{/3) of the Lagrangian C, as well as the coefficient [Bf{/3)], are 
surely invariant. Note moreover that X and Y commute, [X, Y] = 0. 

As for the prolongations of X and Y, we start by considering their standard 
prolongations, which are easily seen to be 



= 0, = [{x^+y^){x^+f)]zf{{x'+y^)z) ^ 



(the last inequality depends on the assumption / ^ 0). It is easily checked 
that - as also guaranteed by a general theorem [36] given that the vector fields 
themselves commute - these standard prolongations commute, F^^)] = 0. 

Let us now consider twisted prolongation, with the twisting matrix 



X = xdy - yd, 



'X 5 



Y = xdx + ydy - 2zdz . 



{A.2) 



=X-ydi+ xdy , =Y + xdi+ ydy - 2zdi . 

Applying these on the Lagrangian (A.l) we see easily that 



/ 

A = (x^+y^) f{{x^+y^)z) 

\ 1 




In this case we get, applying the general formulas. 



Xi'> = X -ydi+xdy , 

^ =Y+xdi + ydy - 2{z + (a;2 + y^)zf{{x^ + y^)z)di . 
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In this case, the twisted prolongations do stiU commute, [Xj^ ] = 0- 

By applying these twisted prolongations to C, we get 

Xi^^ • £ = , fI^^ • £ = ; 

we thus have a two-dimensional (abelian) algebra of twisted symmetries for the 
three-degrees-of-freedom Lagrangian C, and our results apply. 

A. 2 Conservation laws 

We want to check in particular that the conservation of quantities Jx and Jy 
(associated to the vector fields X and Y respectively) under the twisted Euler- 
Lagrange equations of motion, granted by Proposition 2, holds in this case. 

As easy to foresee in view of our choice for A, the twisted Euler-Lagrange 
equations (18) are only slightly more complex that the standard ones (17), and 
actually differ from these only for the equation related to ^r. It will be convenient 
to introduce a simplified notation, with 

r^=x''+ y\ p^^x^ + f; F := f{{x^ + y^)z), G = g{{x^ + y^)z) . 

In this way the twisted Euler-Lagrange equations for £ turn out to be 

—2Gi3XZ — 2Fxyyz — Fx{x^ — y'^)z + x{—Fx^z - Fy'^z — z) - Fx'^xz 
—Fxy'^z — Fpr'^z{x{x^ — y^)z + x'^xz + xy{2yz + yz)) — xz = 
-2Gpyz + Fx^yz - 2Fxxyz - Fyy'^z + y{-Fx'^z - Fy'^z - z) — Fx^yz 
—Fy'^yz — Fi3r'^z{—x'^yz + 2xxyz + y{yyz + x'^z + y'^z)) — yz = 0, 
-XX -yy + (l/2)(-2G/3r2 + Fr'^p'^ + r^p^{F + F^r'^z)) = . 

After some rearrangement, these provide 

x= [p2(Fr2z + i)]-i [{l/2){2F'^r^p'^xz + {-2Gi3+F^r'^p^z){2xy'^z 
+x{-2yyz + x^z + y^z)) + F{Fpr^ p^xz"^ 
+2{-Gpr'^xz + p'^{xy^z + x{-yyz + x^z + y^i)))))] , 

y= -{p^^Fr^z^ z)Y^ [-x{xy - xy)z{-2Gi3 + Fp^ + Fpr'^p'^z) 
+r2(l/2)y(-2G^ + 2Fp' + F^r^p^z){-Fr^z - z)] , 

z= -[2p2]-i [{2F'^r'^p^z-2Gis{-2xxz + x'^z + y{-2yz + yz}) 
+Ff3r^p'^z{2xxz + Sx'^z + y{2yz + 3yz)) + F{Ffsr^p^z'^ 
+2{-Gpr'^z + p^{xxz + 2x^z + y{yz + 2yz))))] . 

{A.3) 

As for the conserved quantities associated to X and Y according to Propo- 
sition 2, these are respectively 

Jx = xy{Fr'^z + z) — yx{Fr'^z + z) , 

Jy = xx{Fr'^z + z) + yy{Fr'^z + z) — p^z . 
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Their time derivatives are respectively 



Dt{Jx) = —2Fxx^yz + 2Fx^xyz — 2Fxy'^yz + 2Fxyy'^z — Fx^xyz 
—Fxy^z + Fx^yz + Fxy'^yz + y{Fx^z + Fxy^z + xz) 
+x{—Fx'^yz — Fy^z — yz) + Fpr'^{—xy + xy)z{2xxz + x'^i. 
+y{2yz + yz)) + {-xy + xy)z ; 

DtiJy) = SFx^x^z + Fx^y'^z + AFxxyyz + Fx^y^z + 3Fy^y^z 
+Fx^xz + Fxxy'^z + Fx'^yyz + Fy^yz 

+x{Fx^z - 2xz + Fxy'^z + xz) + y{Fx'^yz + Fy^z - 2yz + yz) 
+Fpr'^{xx + yy)z{2xxz + x^i + y{2yz + yz)) + {xx + yy)z . 

Inserting (A. 3) into these, one checks that indeed 

Dt{Jx) = = . 

We also note that while Jx is also conserved under the standard Euler- 
Lagrange equations, for Jy we would get a non-zero time derivative, given 
explicitly by Fr^p^z. 



A. 3 Gauge transformation 

Finally, we should check that a gauge transformation transforms our problem 
with twisted symmetries into one with standard symmetries. 

The form of the Lagrangian C, which we rewrite using the simplified notation 
P = [(a;2 + y^)z] as 

C = (1/2) [z + pm] {x^ + f) - g{(5) , 

suggests that it can be written as 

£ = (1/2) [Viz] liVtx)' + i^ty)'] - , 

in terms of covariant time derivatives, defined as 

Vts = dx/dt, Vty = dy/dt, Vtz = {dz/dt) + /3/(/3) . 

In other words, the operator Vt acts on the vector (a;, y, z)'^ by 



with A as given above. 

The covariant t-derivative of z can be mapped into a standard t derivative 
by a change of variables; as we need 



Vtz = ^t + /3/(/3) = Ct 



this yields 



z = aC, with cr = exp 



dt 
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Needless to say, we do not need to change variables for x and y: wc will introduce 
new variables = x and t] = y just for the sake of stressing the different set of 
variables. In these variables, we have 



c = (1/2) c {e+e) - g{/3) ; 



{AA) 



note that writing /3 in terms of the new variables is in general a nontrivial task, 
as the change of variables depends itself on /3. 

As the gauge transformation we considered - and hence the change of vari- 
ables needed to set the Lagrangian in the form (A. 4) do not act on the {x, y) 
variables, we can forget about the vector field X and concentrate on Y. 



In the new variables the basic differential operators are written as = 
{d^/dx)d^ + {dr]/dx)drj + {d(/dx)di^, and so on. This yields explicitly 



Note however that a depends on (x, y, z) only through the function /3; thus we 
have fjx = (Jpl^x, and so on. It follows from this that 



here the exact expression of A(/3) is inessential, but for the sake of completeness 
we mention that, writing A = I3f{j3), it is given by 



According to our general discussion, there should be a vector field W, ob- 
tained via a gauge transformation from Y, which leaves the Lagrangian C invari- 
ant. This is immediately seen in the new variables, i.e. with the representation 
(A. 4) for £. The gauge transformation is simply T = [l/A(/3)] M, so that 



needless to say, this is a rcscaling in the new variables, and the invariance of C 
under this, or more precisely its standard prolongation, is immediate. 

References 

[1] D.V. Alekseevsky, V.V. Lychagin and A.M. Vinogradov, Geometry I. Basic 
ideas and concepts of differential geometry (EMS vol. 28), Springer 1991 

[2] V.I. Arnold, Geometrical methods in the theory of ordinary differential 
equations, Springer 1983 



dx = - {z/(j'^)(JxdQ , 
dy = dri - {z/a^)crydi^ , 
5, = [(1/a) - {z/a^)a,] . 



X = -r,d^ + ^d^; Y = ^d^ + rjd, 



2A(/3)C5c ; 




15 



[3] P. Basarab-Horwath, 1992 "Intcgrability by quadratures for systems of in- 
volutive vector fields", Ukrain. Mat. Zh. 43 (1992), 1330-1337; English 
version: Ukrain. Math. J. 43 (1992), 1236-1242 

[4] M.A. Barco and G.E. Prince, "Solvable Symmetry Structures in Differential 
Form Applications", Acta Appl. Math. 66 (2001), 89-121 

[5] D. Catalario-Ferraioli and P. Morando, "Local and nonlocal solvable struc- 
tures in the reduction of DDEs", J. Phys. A 42 (2009), 035210 

[6] S.S. Chcrn, W.H. Chen and K.S. Lam, Lectures on differential geometry, 
World Scientific, Singapore 1999 

[7] G. Cicogna, "Reduction of systems of first-order differential equations via 
A-symmetries" , Phys. Lett. A 372 (2008), 3672-3677 

[8] G. Cicogna, "Symmetries of Hamiltonian equations and A-constants of mo- 
tion", preprint 2009 

[9] G. Cicogna and G. Gaeta, Symmetry and perturbation theory in nonlinear 
dynamics, Springer 1999 

[10] G. Cicogna and G. Gacta, "Noether theorem for /^-symmetries" , J. Phys. 
A 40 (2007), 11899-11921 

[11] G. Cicogna, G. Gaeta and P. Morando, "On the relation between standard 
and At-symmetries for PDEs", J. Phys. A 37 (2004), 9467-9486 

[12] T. Eguchi, P.B. Gilkey and A.J. Hanson, "Gravitation, gauge theories and 
differential geometry", Phys. Rep. 66 (1980), 213-393 

[13] G. Gaeta, Nonlinear symmetries and nonlinear equations, Kluwer 1994 

[14] G. Gaeta, "Smooth changes of frame and prolongations of vector fields". 
Int. J. Geom. Meths. Mod. Phys. 4 (2007), 807-827 

[15] G. Gaeta, "A gauge-theoretic description of /u-prolongations, and /i- 
symmetries of differential equations" , J. Geom. Phys. 59 (2009), 519-539 

[16] G. Gaeta, "Twisted symmetries of differential equations", preprint 2009, 
to appear in J. Nonlin. Math. Phys. 

[17] G. Gaeta and P. Morando, "On the geometry of lambda-symmetries and 
PDEs reduction", J. Phys. A 37 (2004), 6955-6975 

[18] M.L. Gandarias, E. Medina and C. Muriel, "New symmetry reductions for 
some ordinary differential equations", J. Nonlin. Math. Phys. 9— SI (2002), 
47-58 

[19] N.K. Ibragimov ed., CRC Handbook of Lie Group Analysis of Differential 
Equations, CRC Press 1994 



16 



[20] I.S. Krasil'schik and A.M. Vinogradov cds., Symmetries and conservation 
laws for differential equations of m,athematical physics, A. M.S. 1999 

[21] J.E. Marsden, G. Misiolck, J. P. Ortega, M. Perlmutter and T.S. Ratiu, 
Hamiltonian reduction by stages (Lect. Notes Math. 1913), Springer 2007 

[22] P. Morando, "Deformation of Lie derivative and /x-symmetries" , J. Phys. 
A 40 (2007), 11547-11559 

[23] C. Muriel and J.L. Romero, "New method of reduction for ordinary differ- 
ential equations", IMA Journal of Applied Mathematics 66 (2001), 111-125 

[24] C. Muriel and J.L. Romero, "(7°° symmetries and equations with symmetry 
algebra SL{2,Ry, in: Symmetry and Perturbation Theory (SPT2001), D. 
Bambusi, M. Cadoni and G. Gaeta eds.. World Scientific 2001 

[25] C. Muriel and J.L. Romero, "(7°° symmetries and nonsolvable symmetry 
algebras", IMA Journal of Applied mathematics 66 (2001), 477-498 

[26] C. Muriel and J.L. Romero, "Integrability of equations admitting the non- 
solvable symmetry algebra so(3, r)" , Studies in Applied Mathematics 109 
(2002), 337-352 

[27] C. Muriel and J.L. Romero, "C°° symmetries and integrability of ordinary 
differential equations" , in: Proceedings of the I colloquium on Lie theory and 
applications, 1. Bajo and E. Sanmartin eds., Publications da Universidade 
de Vigo, 2002 

[28] C. Muriel and J.L. Romero, "C°° symmetries and reduction of equations 
without Lie-point symmetries". Journal of Lie theory 13 (2003), 167-188 

[29] C. Muriel and J.L. Romero, "Prolongations of vector fields and the 
invariants-by-derivation property" , Theor. Math. Phys. 113 (2002), 1565- 
1575 

[30] C. Muriel and J.L. Romero, "C°°-symmctrics and nonlocal symmetries of 
exponential type", IMA J. Appl. Math. 72 (2007), 191-205 

[31] C. Muriel and J.L. Romero, "Integrating factors and lambda-symmetries", 
J. Nonlin. Math. Phys. 15-S3 (2008), 300-309 

[32] C. Muriel and J.L. Romero, "First integrals, integrating factors and A- 
symmetries of second-order differential equations", J. Phys. A 42 (2009), 
365207 (17pp) 

[33] C. Muriel, J.L. Romero and P.J. Olvcr, "Variational C°° symmetries and 
Euler-Lagrange equations", J. DifJ. Eqs. 222 (2006) 164-184 

[34] M. Nakahara, Geometry, Topology and Physics, lOP, Bristol 1990 



17 



[35] C. Nash and S. Sen, Topology and geometry for physicists, Academic Press, 
London 1983 

[36] P.J. Olver, Application of Lie groups to differential equations, Springer 1986 

[37] P.J. Olvcr, Equivalence, Invariants and Symmetry, Cambridge University 

Press 1995 

[38] E. Pucci and G. Saccomandi, "On the reduction methods for ordinary 
differential equations", J. Phys. A 35 (2002), 6145-6155 

[39] R.W. Sharpe, Differential Geometry, Springer 1997 

[40] J. Sherring and G. Prince, "Geometric aspects of reduction of order" , Trans. 
Amer. Math. Soc. 334 (1992), 433-453 

[41] H. Stephani, Differential equations. Their solution using symmetries, Cam- 
bridge University Press 1989 

[42] S. Sternberg, Lectures on differential geometry, Chelsea 1983 

[43] P. Winternitz, "Lie groups and solutions of nonlinear PDEs" , in Integrable 
systems, quantum groups, and quantum field theory (NATO ASI 9009), L.A. 
Ibort and M.A. Rodriguez eds., Kluwer 1993 



18 



